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Hopfield vs Ising: A Comparison on the SoC FPAA

Pranav O. Mathews

Abstract— Physical computing techniques can efficiently solve
combinatorial optimization problems and could outperform
conventional digital techniques. This paper presents the first
direct comparison of two physical quadratic optimization solvers:
analog Hopfield and Ising networks. Both networks are built in
a large scale Field Programmable Analog Array (FPAA) and two
NP-hard problems (max-cut and associative memory) are solved
over various initial conditions and graphs. The convergence time,
energy, power, and peripheral circuitry of the two networks
is then compared where it is found that the Hopfield network
outperforms the Ising networks in these test cases.

Index Terms— Hopfield, Ising, FPAA.

I. ENERGY SURFACE MINIMIZATION

OMBINATORIAL problems, such as the NP-hard
Cclass, have been shown to be intractable on digital
machines [1]. Exact algorithms that run in exponential time
can be built but practically an approximation algorithm that
computes a good, but typically sub-optimal, solution in poly-
nomial time is used [2]. Simulated annealing is an example of
a common approximation technique, continuously minimizing
a cost function until an optimum is found [3].

Physical computing techniques have solved NP-hard prob-
lems more efficiently than digital algorithms and have the
potential to solve problems faster as well ([4], [5], [6], [7],
[8], [91, [10], [11], [12], [13], [14], [15]). Problems can
be mapped to a Quadratic Unconstrained Binary Optimiza-
tion (QUBO) problem and then minimized through physical
dynamics; examples include quantum annealing and Ising
networks. Much like simulated annealing a cost function (or
energy) is minimized until a minimum is reached, but through
continuous physical dynamics instead of discrete algorithmic
steps [16].

Analog circuits have been used to efficiently implement
Ising networks ([4], [6], [8], [12], [14], [15], [17]). These
systems have dynamics that minimize the function

H(s) = —s’ Js — h's, (D

where s is a vector describing the spin of each state (%1 for a
binary network), J is a weight matrix describing the connec-
tions between oscillators, and h is a constant bias. Problems
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Fig. 1. Both Hopfield and Ising networks dynamically minimize energy
surfaces, allowing for good or optimal solutions to otherwise computationally
difficult problems. The question of which implementation has an advantage
is tested on the SoC FPAA to give a level playing field and fair comparison.

are mapped to the network by choosing W to create an energy
function that when minimized gives the optimum solution;
mappings have been shown for each of Karp’s 12 NP-Hard
problems [18].

Hopfield networks ([19], [20], [21]) are another structure
that minimizes an almost identical energy function as Ising
networks,

1
E(x) = —EXTWX —0Tx, )

and is sometimes also referred to as an “Ising machine.” We
will define Hopfield networks as having a state variable x that
describes the output of a perceptron with a sigmoidal activation
function between O and 1 in contrast to the Ising oscillatory
state. These networks have a long history of analog circuit
implementations ( [5], [22], [23], [24]).

The similarities between the energy surfaces of Hopfield and
Ising networks extends to their physical implementation. Both
networks are fully recurrent structures, requiring every node
to be connected to every other node in a network. Problem
scaling is also the same, with most problems that have N
parameters typically requiring O(N) Hopfield/Ising nodes.
A few exceptions such as the Travelling Salesman Problem
(TSP) require O(N?) nodes and no NP-hard problem requires
more than O(N?) nodes [18].

The biggest difference between Hopfield and Ising networks
lies in their state variable: spins versus sigmoids. Artificial
Ising spins are typically created with analog oscillators, while
Hopfield’s sigmoidal output can be approximated with a sharp
tanh. This small difference results in massive practical changes
in the peripheral circuitry and electrical signals that each
network uses.
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Fig. 2. The SoC FPAA enables users to harness the power of analog computing while offering flexibility in circuit design. External devices interface to an
on-chip open-source MSP 430 processor directly through a computer or remotely through an email-based remote system [26]. The controlling system specifies
what circuits to program and route together in the FPAAs Manhattan architecture. Each analog block has multiple analog elements that can be wired together
and programmed through FG devices. Through this flexibility both Hopfield and Ising networks can be programmed and tested on the exact same chip.

When designing an analog optimization network for a
specific application, which choice would be best? This work
begins to answer this question, being the first direct com-
parison of analog Hopfield and Ising networks in the same
technology (Fig. 1). Section II presents the comparison plat-
form, the SoC Field Programmable Analog Array (FPAA),
[25], and the analog circuits that were used to create both Hop-
field and Ising networks; the Hopfield network extends [22]
and the Ising network is the first demonstrated implementation
on the FPAA. Section IV shows two NP-hard case studies
and their mapping to Hopfield/Ising networks, describing the
resulting networks structure and showing sample temporal
outputs. The performance of both networks on these case
studies are evaluated in Section IV, contrasting solution time
and energy. Finally the comparison results are discussed along
with concluding thoughts (Section V).

II. IMPLEMENTATION ON THE SOC FPAA

A fair comparison between networks requires equitable
devices and conditions of operation; comparing different tech-
nologies such as a 1 GHz nanoscillator with a 1 um CMOS

oscillator is hardly fair. To facilitate a just comparison a
reconfigurable analog computing platform (SoC FPAA) that
can implement both Hopfield and Ising networks on the same
350nm CMOS substrate is used [25]. The architecture of
the SoC FPAA is discussed (Section II-A) along with the
in-routing source coupled Vector-Matrix-Multiplier (VMM)
that facilitates inter-node connections in both the Hopfield and
Ising networks (Section II-B). Both implementations of the
Hopfield (Section II-C) and Ising (Section II-D) networks are
explained, followed by a brief discussion of device mismatch
and calibration (Section II-E).

A. The Soc FPAA

The SoC FPAA is a mixed-signal, analog computing
platform which includes analog elements and signals inte-
grated with potential logic and mixed-signal enabled routing
(Fig. 2). A Manhattan routing scheme connects Computational
Analog Blocks (CABs) together; each CAB has different
programmable analog components such as Transconductance
Amplifiers’s (TAs), nFETs, pFETs, and current mirrors that
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Circuit diagrams of a single neuron in the Hopfield and Ising networks along with their corresponding outputs. Both neurons fit in one CAB of the

FPAA, but the Ising neuron takes up the entire CAB while four Hopfield neurons can fit inside one CAB. The Hopfield network uses a single and two VMM
rows. The Ising network uses a MeadSOS oscillator made of three TAs, two rows of a VMM with an Nmirror, and an external buffer to rail the signal. The
Manbhattan routing scheme allows for recurrent connections both inside and between CABs.

can be routed internally and between CABs. Floating-Gate
(FG) circuits are the main programmable element on the
FPAA, with 14-bit accuracy ([27]) in standard CMOS, as well
as configurability through long-term retention of FG charge
(0-100 uV over 10 years ([28])). The routing fabric itself is
made of FG devices, which allows for both local memory and
efficient computation. There has been a long history of analog
computing on the FPAA [25], [26], [29].

The flexibility of the SoC FPAA makes it an ideal platform
to compare Hopfield and Ising networks on. Different analog
circuits can be compiled on the exact same chip and tested,
allowing for a fair comparison. Although the implementations
of either network may not be the fastest or most efficient, the
point is comparison, and both networks will deal with identical
parasitics and non-idealities. The next few subsections will
detail the circuit implementations of both Hopfield and Ising
networks on the FPAA.

B. Source Coupled VMM
Both Hopfield and Ising networks have weighted intercon-
nects, W, multiplied by a state vector, X or s. A Vector Matrix
Multiply (VMM) can compute this product, and on the FPAA
the routing fabric doubles as a VMM because the switch
elements are also precisely programmable FG devices. Input
voltages come to the source of an FG pFET and weight the
resulting current,
I = Ithe(’((Vdd—Vfg—VTO)‘(Vdd—Vs)"l‘a(vdd—vd))/UT’ (3)

assuming a saturated transistor (Vs > 4U7). The pFET has a
threshold current (/;;) and associated threshold voltage (Vrg),

k is the capacitive coupling ration for the transistor between
the gate and surface potential, and U7 is the thermal voltage
or kT /q, roughly 25 mV at room temperature. The FG pFET
has capacitive coupling onto the floating node

Vig =(C1/Cr)Vy + (Cou/Cr)Va + Vg, 4)

where the coupling gate input capacitor is C; and the coupling
parasitic capacitance from V; is C,,. The total capacitance at
the FG node is Cr, and Vj is the programmed charge stored
at the FG node. In the FPAA V, is fixed to a voltage near
Gnd in operational, or run, mode.

Assuming a change at that source AV; and a corresponding
change in drain voltage AV, around a nominal bias current
I;0 the pFET VMM device can be modeled as

Vs = Vso + AV
Va=Vi+AVy
I = ISOWe(AVx*UAVd)/UT’ %)

where W is a positive weight that can be programmed by
changing the Vp on the FG node. When multiple weighted
FG pFETs are connected to the same drainline, KCL adds the
weighted currents up to create a VMM.

C. Hopfield Networks on the FPAA

The weighted connections into a Hopfield neuron result in
an output along a sharp sigmoid

_ 1, ZjOjiZT

Si = (6)
l 0, zj 0 <T,
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modeled on the FPAA with a TA that outputs a sigmoidal
voltage according to the difference in voltage on its positive
and negative terminals. This allows for signed weights, where
positive and negative weights go to the corresponding VMM
row for the neuron. The VMM connects to the TA through
a transistor to GND, which converts the weighted current
on each row into a voltage input for the Hopfield neuron to
compare (Fig. 3).

Four Hopfield neurons can fit in one CAB of the FPAA.
Each neuron needs two rows of a VMM and one TA. The
largest bus into a CAB is 13 lines, reserving one line for an
external input leaves 12 external recurrent connections. This
added to the four local recurrent connections inside a CAB
means the FPAA can create an all-to-all Hopfield network of
16 neurons.

D. Ising Networks on the FPAA

The oscillator for the Ising network on the FPAA is gener-
ated by a Hopf bifurcation circuit: the MeadSOS ([27]), which
has known oscillatory dynamics created from the non-linear
feedback element

d2 d b (d 2
G B (o3 (4 o

where b is the bifurcation parameter. By putting an oscillatory
current into the feedback node, coupling between oscillators
can occur (Fig. 4). This coupling signal can be weighted
by a VMM, allowing for Ising networks to be formed out
of coupled MeadSOS oscillators. A signed weight can be
achieved by using two rows of a VMM similar to the Hopfield
network where one row adds current into the feedback node
and the other goes into an nFET mirror which takes current
away from the node (Fig. 3¢). Current going into the feedback
node corresponds to a positive weight (matched phases) while
current leaving the node corresponds to a negative weight
(opposite phases).

One Ising neuron can fit inside a CAB on the FPAA.
Each neuron needs two rows of a VMM, and the MeadSOS
oscillator requires two FG TAs and one TA. The last TA is
used as a buffer to fix the output capacitance of the MeadSOS
and to change the 600 mV sinusoidal signal into a rail-to-rail
output that can drive a source coupled VMM. The reference
voltages can be generated inside a CAB by FG pFETs attached
to GND and Vdd, so all 12 inputs (plus 1 external) can be used
as recurrent connections to make the largest all-to-all Ising
network of 13 neurons.

E. Nonidealities Between Devices on the FPAA

Process variation is inherent to any analog circuit. Devices
don’t exactly match, leading to differences between TAs,
FG pFETs, and Nmirrors. In both the Hopfield and Ising
networks mismatch causes non-ideal deviations that need to
be accounted for.

The source coupled VMM pFETs are affected by mismatch
and the indirect programming scheme of the FPAA. Measured
pFETs during programming are not the same device used in
the VMM, and mismatch between these transistors leads to
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Fig. 4. Coupled MeadSOS oscillators that form the Ising network. a) Oscil-
lators lined up in phase by coupling through a VMM and Nmirror, taking
current away from the feedback node. b) Oscillators opposite in phase by
coupling through a VMM, adding current onto the feedback node.

deviation in programmed weights between neurons. This can
be accounted for with a calibration algorithm [30], which
reduced the voltage mismatch of the VMM+I2V system’s
standard deviation from 26.5 mV to 1.6 mV over 816 pFETs.

Similarly, the indirect programming scheme affects the pro-
grammed offset charge on the input of the FG TAs and the bias
current on all TAs. Mismatch in the current mirror structure
and input differential pair of the nine transistor TA circuit also
affects behavior. These heavily affect the oscillatory behavior
of the MeadSOS oscillator, and differences were manually
calibrated out in an iterative manner according to expected
dynamics [27].

Other effects due to noise and temperature variation were
not explicitly calibrated out; however, because both networks
use primarily subthreshold analog circuits, they are both
affected keeping the comparison even. Thermal variation will
affect the Ur term for both VMMs (3), changing the common
mode of the weights but preserving their differences. The TA
is also affected by noise, which can impact the comparison
operation for the Hopfield network and cause phase jitter in
the Ising networks.
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a) Three neuron max-cut problem converging to the optimal solution from an unstable state on both a Hopfield and Ising network built on the FPAA.

Both networks converge to the same energy minimum b) Four neuron max-cut problem converging to two different, but optimal, solutions from an unstable

state for both a Hopfield and Ising network built in the FPAA.

III. SOLVING ENERGY MINIMIZATION PROBLEMS

Both Hopfield and Ising networks minimize quadratic
energy surfaces as described in (2) and (1). These
energy expressions can be written in summation form as
well

| N
E(X):—EZ . Wijxixj—ZIkxi, (8)
i Jj k
for Hopfield ([20]) and
N N N
H(s) == > > Jijsisj — >_hsi, €))
i k

for Ising [18]. If the ground state of these energy func-
tions describes the solution to a problem, Hopfield and
Ising networks can find good and even optimal solutions to
otherwise computationally difficult problems. The NP-hard
class of problems are one example of such problems, and
quadratic energy surfaces that describe these problems have
been formulated [18]. We will examine two optimization
problems: max-cut (Section IV-A) and associative memory
(Section IV-B), solving both with Hopfield and Ising networks
on the FPAA.

A. Case Study: Max-Cut

The max-cut problem is an NP-hard problem that asks for
a partition of a given graph into two sets such that the number
of edges between the partitions is maximum [1]. For the Ising
network, with spins of —1 and 1, an energy function with a
ground state that corresponds to the optimal solution for the
max-cut problem has been shown

N 2

1 —sys
H=Hy+Hg=A(D> si) +B > % (10)
i=1 (uv)eE

where H,4 constrains the partition split to be even, and Hp
constrains the cutsize [18]. This energy function is for both the
min-cut and max-cut problems, to solve max-cut B needs to be
a negative number. Intuitively we can see that with a negative
B, more cuts lower the energy so that the maximum amount
of cuts would result in the lowest energy. Each vertex of the
problem graph maps to one neuron of the Ising network, and
the relative phase between neurons determines what partition
they end up in. We can match this energy function with the
standard format for an Ising network, assuming A = 0, where
the weight matrix and input biases are defined as

B x w;;
0
Os

i,jeE
W 11
Y otherwise, (in

hi

(12)
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Fig. 6. a) Both analog Hopfield and Ising networks restoring the three bit stored pattern from a distorted initial state on the FPAA b) Both Hopfield and

Ising networks restoring the four bit stored pattern from a distorted initial state on the FPAA.

where w;; is the edge weight between vertices i and j.

The Hopfield network has output states of 0 and 1, so the
energy function for an Ising network cannot exactly be used.
However, a substitution can be made

S; = ZX,' -1 (13)

where x; is 0 or 1. Substituting into (10), simplifying the
expression and ignoring the partition size constraint (A = 0)
gets us to the Hopfield energy expression (2) where the weight
matrix and input biases are defined as

Bxw;; i,jekE

Wij = (14)

0 otherwise,
1
_E Z Wij,
J

where w;; is the same as in the Ising case.

Three and four neuron max-cut problems were programmed
onto an Ising network built on the FPAA and allowed to
converge to a final solution (Fig. 5). The constant B was
chosen to be —1, corresponding to Max-Cut. In both cases
the network converges to an optimal solution with a clear
separation between the final states of each neuron in the
network, both in phase and voltage.

I

(15)

B. Case Study: Associative Memory

The associative memory (AM) problem was the first prob-
lem to be solved on the Hopfield network, introduced during its
debut [19]. Patterns are stored by creating an energy minimum
at the network state corresponding to the desired pattern, and
they are recalled through the energy minimization properties
of the network. The weight matrix for a given pattern V maps
onto the Hopfield energy function

Wij =D @2V - D@V, —1)
Iy =0,

(16)
A7)
where each neuron represents one bit in the stored pattern.

The Ising network formulation can be derived by performing
the same substitution as before in (13)

J,’j = ZSiSj (18)
hi =0, (19)
where in both cases the weight matrix is
1 Vi=V;
Wij = Jij = o (20)

resulting in a full all-to-all network.
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Fig. 7. a) Single neuron of the Hopfield network converging to its final state over eight different initial conditions. An initial condition is forced through

an external static input, and then relaxed to allow convergence. b) Single neuron of the Ising network converging to its final state over eight different initial
conditions. An initial condition is set by uncoupling the neurons from each other. The network is then instantly coupled together to allow for convergence.

Three and four bit AM problems were programmed onto
Hopfield and Ising networks built on the FPAA and allowed
to settle (Fig. 6). Both networks converge back to the stored
pattern from their initial condition, correctly retrieving the
stored memory from a distorted version. The separation in
final state is clear in both phase and voltage.

IV. COMPARISON BETWEEN HOPFIELD AND ISING

While Hopfield and Ising networks solve mathematically
identical equations the method in which states are encoded
differs: static output level for Hopfield and relative phase for
Ising. These separate encodings result in tangible differences
between the two networks in metrics such as power & energy
(Section IV-A), convergence time (Section IV-B), and nec-
essary peripheral circuitry (Section IV-C) even when both
correctly solve identical problems. To test this the two case
studies (max-cut and associative memory) are examined on
a three and four neuron network, covering unique cases for
each problem. Networks were forced to an unstable initial
condition, eight per problem, and then allowed to converge.

The initial condition was set on a Hopfield network through
the activation of external inputs that forced a non-ideal state.
Because of the high gain sigmoidal nonlinearity most states
of the Hopfield network are binary, so the initial conditions
also forced a binary unstable starting point. The external input
was then released, allowing the network to converge back to
a stable energy minimum (Figure 7a).

A random initial condition was set on the Ising network by
switching V..r to Gnd, uncoupling the network. The neuron
phases were allowed to drift apart, and then V. was set back
to the midpoint of the oscillations, (= 1.3 V) which coupled
the oscillators together and caused convergence to a final state.
An external signal was applied at twice the frequency of
the oscillators to force convergence to two different states.
Because neuron 1 is always used as a reference, it always
converges in zero time and consumes zero energy (Figure 7b).

A. Convergence Time

Both networks converged to the optimal solution from every
trial in both case studies, regardless of initial condition. The
time taken to converge to this optimal final solution depends on
the type of network, the initial conditions, and the programmed
problem. Over the eight initial conditions for each problem,
the Hopfield network consistently converged faster than the
Ising network (Fig. 8), averaging around 100 us overall while
the Ising network averaged 425 ps.

Ising network readout depends on phase, so at minimum
one oscillation cycle needs to pass to measure convergence.
The average frequency of the MeadSOS oscillators used was
25 kHz, which means at least 40 pus would need to pass become
confirming convergence. In this time the Hopfield network
could have already finished converging, as demonstrated in
the three neuron problems. A faster oscillation period could
speed up Ising convergence time, but at the cost of energy.

Hopfield network readout depends on a binary voltage level
and would be limited by the clock speed of the digital periph-
ery. System convergence is limited by the delay in between
neurons, a combination of parasitic capacitance, transistor
switching speeds, and activation function speeds. The overall
convergence time did take longer than one Ising oscillation
period in the larger 4 node network, but the Hopfield network
was still faster to converge over time.

Larger Hopfield and Ising networks have shown a log-
arithmic trend in convergence time versus network size,
suggesting both architectures scale well to large problems [5],
[8]. Because both networks are mathematically similar, the
similarity in trend makes sense. However, the results of this
work suggest that the absolute values of convergence time
and energy favor the Hopfield network despite both networks
scaling similarly.

Hopfield and Ising networks can get stuck in local mini-
mum, increasing convergence time when trying to find optimal
solutions. Annealing solutions can be used on both networks
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Hopfield Convergence Time (us) Ising Convergence Time (us)

Size Problem N1 N2 N3 N4 Total Avg | N1 N2 N3 N4 Total Avg
MaxCut 2E | 33.68 63.62 47.84 - 48.38 0 48544 1710.24 - 398.56
3 MaxCut 3E | 63.75 92.80  44.83 - 67.13 0 940.16 675.56 - 538.57
AM 001 4180 69.36  55.65 - 55.60 0 81736 469.28 - 428.88
AM 111 16.41 19.03  18.76 - 18.07 0 39156 288.44 - 226.67
MaxCut 3E | 146.10 145.54 133.51 120.76 136.48 0 26992 33292 7156 329.61
MaxCut 4E | 92.37  96.57 92.88 107.02 97.21 0 33944 82624 57848  436.04
MaxCut SE | 203.90 120.53 76.18 176.28 144.22 0 250.84 208.36 212.64 167.96
4 | MaxCut 6E | 71.22 10270 56.76  96.68 81.84 0 61788 39296 788.48  449.83
AM 0001 | 108.88 86.97 115.36 147.45 114.66 0 168.68 22296 358.28 187.48
AM 1100 | 166.60 191.04 157.77 142.79 164.55 0 410.16 24412 191.12  211.35
AM 1111 | 116.89 68.32  80.11  60.80 81.53 0 17232 4696 215.28 108.64
\ Averages \ 96.51 96.04 7997 121.68 91.79 \ 0 443.16 401.64 437.13 316.69

Fig. 8. Average convergence time in three and four neuron Hopfield and Ising networks solving the max-cut and associative memory problems. Each network
is started from 8 different initial conditions, and the convergence of each neuron is measured individually. The binary max-cut problem is labeled by the
number of edges, or E. The associative memory (AM) problem is labeled by the binary pattern stored. On average the Hopfield network converges faster than

the Ising network.

to favor better solutions, and typically take the form of analog
noise which can be injected into either architecture [4], [5].
Because the core network behavior is unchanged through
annealers, we would still expect Hopfield networks to out-
perform their oscillatory Ising counterparts.

Advanced technology nodes and devices can be used to
accelerate both Hopfield and Ising networks, and we would
expect any hardware performance gains from a smaller process
node to help both architectures. A higher gain sigmoid, faster
and smaller transistors, and less parasitic capacitances are
some examples of optimizations that would improve the time
constant of the Hopfield network. While it is unclear how well
the time constants of the Hopfield network scale on very large
problems, here it is demonstrably faster than the equivalent
Ising network built using the same devices on the same analog
computing platform.

B. Power and Energy

The energy taken by the networks over their convergence
window is intrinsically tied to the convergence time. Energy
calculations agree with this (Fig. 9), with the Ising network
requiring more energy than the Hopfield network. Other work
also follows this trend [4], [5]. The energy consumed by
the buffers in both networks was omitted as they consume
a similar amount of energy and are not intrinsic parts of
the network structure. In addition, the energy provided by
external inputs, such as the subharmonic injection locking
(SHIL) signal for the Ising network, was omitted.

Energy usage of the Ising network is dominated by the
oscillator. Two of the TAs used in the MeadSOS oscillator
had bias currents of 200nA, while the other had a bias
current of 80nA. The weights were programmed to 10nA
for the three neuron network and 20nA for the four neuron
network; the four neuron network would not converge with
the lower weights. While a faster oscillator would speed up
the convergence time, the energy usage is tied to the number
of oscillatory cycles and would remain the dominant factor.

In contrast the Hopfield network’s energy usage is domi-
nated by the weights, which were programmed to 10 nA for all
problems. The lower bound of the Hopfield weights is limited
by the resolution of the TA and current to voltage transformer;
the TA needs to be able to compare the voltage difference that
results from 1 additional weight. If we look at the average
power consumed by the networks while solving the test cases
the Hopfield network takes around 0.02uW and the Ising
network takes 1 uW.

C. Peripherals and General Usage

The analog nature of both networks is essential to their effi-
ciency; however, end-to-end systems will have some peripheral
digital and analog interfacing. The Hopfield network state
is essentially a digital signal, and any digital circuit could
read in the network state. An Ising network state is in phase,
so a phase detection circuit needs to be employed, raising the
complexity of a full system implementation.

External inputs also need to follow the state variables of
each network. Many NP-hard problems that can be mapped
and solved on Hopfield and Ising networks require an external
input to set a threshold, [18], meaning circuits that generate the
input are necessary. The Hopfield network simply requires a
digital signal in. An Ising network requires oscillatory signals,
additionally adding to the circuitry needed. The Ising network
additionally always requires one external signal for the SHIL,
which is twice the frequency of the network oscillators.
These external signals further the complexity of full system
implementations.

Mismatch between neurons affects both Hopfield and Ising
networks. Each network required an initial calibration to
program out the process variation inherent to the analog
circuits. After this calibration some additional tuning was
necessary for each problem. The Hopfield network required
minimal additional tuning, only needing to adjust the strength
of an external bias current for the max-cut problem. The
Ising network required a larger amount of problem-specific
tuning because the feedback node DC level is affected by
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Hopfield Convergence Energy (pJ) Ising Convergence Energy (pJ)

Size Problem NI N2 N3 N4 Total Avg | N1 N2 N3 N4 Total Avg
MaxCut 2E | 0.15 0.06 0.06 - 0.09 0 472.09 690.74 - 387.61
3 MaxCut 3E | 0.09 0.10 0.12 - 0.10 0 92622 665.59 - 530.60
AM 001 024 0.15 0.15 - 0.18 0 805.18 462.28 - 422.48
AM 111 0.01 0.06 014 - 0.07 0 38571 284.15 - 223.29
MaxCut 3E | 3.95 041 0.65 1.08 1.52 0 272.88 328.04 705.01 326.48
MaxCut 4E | 0.22 040 0.86 0.46 0.49 0 34292 834.72 584.25 440.47
MaxCut 5E | 1.98 1.67 241 129 1.84 0 25344 210.54 220.13 171.03
4 MaxCut 6E | 0.30 046 0.02 0.62 0.35 0 639.86 406.92 816.37 465.79
AM 0001 | 6.62 595 7.57 0.03 5.04 0 17483 231.09 370.89 194.20
AM 0011 | 343 176 6.76 6.11 4.52 0 42489 25291 197.79 218.90
AM 1111 | 6.89 394 423 351 4.64 0 17852 48.69 223.18 112.59
\ Averages \ 2.17 136 2.09 1.87 1.71 \ 0 44332 401.42 44537 317.59

Fig. 9.

Averaged, approximate energy consumption of a three and four neuron Hopfield and Ising network solving the max-cut and associative memory

problems. Each neuron was started from 8 different initial conditions and allowed to converge. The energy consumption of the buffers on both networks was
excluded, as the numbers would be very similar and make a direct comparison less clear. On average the Hopfield network consumes less energy than the

Ising network.

external currents such as the coupling signal. This resulted
in the oscillation frequency, DC level, and amplitude of the
oscillators all being slightly different for every problem. These
differences could be adjusted for by tuning V,.r and the
frequency of the SHIL but combined to require more work
than the Hopfield network.

V. SUMMARY AND DISCUSSION

The first direct comparison of Hopfield and Ising networks
is presented, using the 350nm circuits in the SoC FPAA as an
equitable comparison platform. Four Hopfield neurons and one
Ising oscillator fit into an FPAA CAB, and process variation
was accounted for in both networks using the programmable
FG circuitry. Three and four node networks were tested on the
max-cut and associative memory problems. For each problem
the networks were set to eight different initial conditions and
then allowed to converge to a final state. The convergence time,
energy, and power of the convergence was compared, along
with the necessary peripherals for each network. On average
the Hopfield network outperformed the Ising network on all
metrics, converging faster with lower average power usage.
The Hopfield network was also easier to use, requiring less
complex external signals and readout circuits. These results
suggest that Hopfield networks may be a superior choice to
Ising networks because of their higher efficiency and easier
practical interfacing.

The scaling of this comparison result with larger networks
is expected to yield similar results. Because the core features,
oscillations versus static voltage levels, remains the same
no matter the implementation it is still expected that Ising
networks would consume more energy than Hopfield networks
provided that the convergence time does not drastically differ.
In addition, the interfacing difficulties of Ising networks such
as SHIL and phase readout still contribute more overhead than
a Hopfield network would use. Most other scaling challenges,
such as memory overhead, larger control logic, and physical
area are challenges that are shared by both networks and
thus wash out in a comparison; however, new advances in
many-phase Ising networks, where each spin has more than

two states, would change the Ising scaling and thus would
need to be considered in future comparisons [31].

Both Hopfield and Ising networks face challenges in effec-
tively reaching globally optimal solutions. New algorithmic
ways of using hardware solvers [24] have emerged that attempt
to tackle these issues. Hybrid networks, which use a combina-
tion of analog and digital solvers [32], are another emerging
technique that uses an analog solver as an initial condition
to a digital machine. While these new solutions offer general
architectural improvements, the results of this work suggest
that Hopfield networks are the optimal choice for the analog
portion of a combinatorial optimization solver.
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