History of Starting with Signal Processing (SP) First
Classically (e.g. 1950s to 1990s),

Electrical Engineering started with circuits
Signal processing through circuits (historical start)

In the 1990s, Digital SP: 4t year or Grad course

Why not start with Signal Processing?

Signal Processing first,
then circuits enabled through SP Fall 1999 at GT: Signal ﬁ

Processing wir@
First L

Sl ‘ o7 —
- L ) y ,

Jim McClellan Each week:

* Two large lecture sessions
And others at GT, those who founded DSP » Faculty Led Recitation Session

and some good friends at Rice, Rose-Hulman « Weekly computer (MATLAB) exercises

Full implementation
Requirement for
all ECE students 5% e

SP First (GT 1999)



Complex Numbers = Real + j Imaginary

) like a unicorn
J=v-1

€C:9

Unicorn = divide by “” — \

C]_ — CL1 _|_ Jb]_ — Rl 6‘791 f‘Im """"""""""""""""""""""" a1 = Ry cosb,
(rectangular) (polar) R, b1 = Ry sin 91

b |

. 0 b, l
C5 = as + by = Ryel”? ; re | Rui=yJad 403
. 1 a | (b
Complex Operations 1 0, = tan .

Complex Addition: (rectangular)

C1 4+ Cy = (a1 + jb1) + (a2 + 3b2) = a1 + as + j(b1 + b2)

Complex Multiplication: (polar)

C1Cy = R1€j91 R26j92 — Rleej(91+92)

One often converts between rectangular and polar forms



Euler’s Formula:

e’? = cosf + jsinf j=+v-1

eV =l = eI =1
ej7r/2 _ _€j37r/2 :]
1% —30
. o 6‘7 _|_ e J
el + 7% = 2cos0 — cosf = 5
1% 1
- - . : e’ —e
el — 799 = 2jsinfh — sinf = ,
2]
50 | =36 2 ed0 _ =0\ 2 39 1 =30 0 _ =38
Cos2<9) — (%) sin2(0) = (T) cos(f) sin(f) = (6 +26 ) (e 2; )
B ei20 1 9 4 =520 B —ed20 9 _ =320 _ 20 _ =326
N 4 - 4 - 47
1+ cos(20) 1 —cos(26) .
= 5 = 5 = —sin(26)/2
B eﬂ—i—e 30\ ° g (€ —ed" ’
cos> = —— sin®(f) = | ————
27
— % <€j39 +3€‘79 + 3e” 70 +e 339) — SL (6]39 €_j39 . 36j9 +36—j0)
J
1 (6J39 +e 736 _|_3639 + 3e 39) _ SL (6.739 3€j9 _|_3€—j9 _e—j36)
¥
1
= %COS(Q) + icos(?)@) = 48 in(30) — Zsm(ﬁ)



Sinusoidal functions

y1(t) = Ay cos(2mft+61) — Ay eI (2mft+01)
(Anmde) ’(ph—ase’)
f = frequency of the sinusoid (Hz)
T = 1/f = period of the sinusoid (s)

27 £ = radians of the sinusoid (rad)

Re {Alej(%fHel)} = Re{Ajcos(2rft+61) +jsin(2nft+61)} =
= Aj cos(2m ft + 601)

Y2 (t) = A, COS(Qﬂ'ft + (92) - A2€j(27Tft+02)

Summation (y;(t) + y,(t)): { n } n
Re Xk = Re {Xk}

(Same frequency)

y1(t) + y2(t) = 5cos(200t + 7/3)

y1(t) + y2(t) = Ay cos(2m ft + 01) + As cos(2m ft + 03) 5 sin(200¢ + 7/6)
— Re {Alej(wat+91) i A2€j(27rft+02)} — Re {5€j(200t+7r/3) +5€j(200t+27‘r/3)}
= Re {(A16j01 + A26j02) €j27rft} _ R€{<5€j7r/3 I 56j27r/3) 63’20025}
Aeje — A16‘791 + A26302 _ Re{(5\/§ej7r/2> ej200t}

y1(t) +ya(t) = Re {Ae?’e®™/' } = Acos(2m ft +0) — 5v/3 cos(200t + 7/2)



Linear Functions: f(x)

flax +by) = af(x) + bg(y)
f (ag(z) +bh(y)) = af (9(x)) +bf (9(y))

Example functions

Differentiation Integration
d
g +hw) = [ (agla) + bhy))dt =
d d
aag(a:) +b£h(y) a/g(x)dt+ b/h(y)dt
Linear gain factor:

flax) = af (@) 4 (ag(a)) = a9(@), [ (ago)dt = a [ glard

Linear (Time-Independent) Systems are characterized by sinusoids and exponentials

Single frequency input = Single frequency ouput

Linear

sin(wt) — System

— H sin(wt + 0)




Signals often are represented as a sum of sinusoids:

N
2(t) = Ao+ Y Ag cos (27 fit + Oy
k=1
Sum of multiple sinusoids (same f)
—> single sinusoid (f)

For a periodic signal:

fundamental frequency = { fo = Ti
0
1 o
X(t) = Ag + 5 k_z_l Ay, cos (27 fit + 0Ok)

Fourier Series: Periodic signal in time
—> Discrete coefficient (f) samples

dx(t) = .
. _ Ik fooup ) 2R Fot+08)
g k:z_:oo iT .fo k
(differentiation) —Jo
= j2nf

a_kej(QkaOIH-@k)

%/ z(t)dt = k_z:

- 27’(‘]€f0
Expanding around orthogonal basis ———e
(other basis possible) (integration) =1/ J_(D
= 1/)2nt
Often we expand “cos” by complex exponentials
0 - —jorkfota j(2mk fot+04)
. . et —tg) = Z ape ’ e
ZE(t) — § afke](Qﬂ-kat—'_ek) Operations oo Y
k=—00 + & - Frequency  guive (delay) _e 12mt g



Fourier Series for a Square Wave
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- Speech Signal

0.

©

Frequency (Hz)

x(t) Signal in Time

Time (s)

t

l Fourier Series - |

Representation in Frequency

08 =37
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04F | 24
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Frequency Coefficient 08

Frequency
Generalizing the Frequency Representation (continuum) Spectrogram: Time and Frequency
—> Fourier Transform (& MATLAB command)



Digital Sampling Implications

Continuous X(t) — C2D |— x[n]
To Digital T
Converter nT, nT,
| Analog to
Sampler: M ..
x(t) Sample & al Digital . x[n]
Conti Ti Hold . . Converter
ontinuous-{ime Discrete-Time (ADC) | Discrete-Time
Continuous Continuous Discrete
Amplitude n Ty i :
p i Amplitude Quantitizer Amplitude
X(t) | Buffer —X[n] X[n]— JJJI - x[n]
I
OND C itor(s)+ Reft
. omparitor(s ererences f
Sample Time (T) Typically “Assumed” Limits SNR

fy = 1/T (sample frequency)

Make ideal clock (no jitter)

Make ideal sampler
Make ideal buffer

& Linearity

m-bit resolution

Limits SNR Similar for D2C:
& Linearity

Digital to Analog Converter (DAC)
Analog Low-Pass Filter (Smoothing)



Periodic Signal in Time =
Samples in Frequency

Samples in Time -
Periodic Frequency Waveform
x(t)
o o

_ - t ' . .
l Fourier Series T T Samples in Time
Samples in Frequency (X(H] 1
08 f() =1/ TO
S | N YA VAYIN ATAY
04} l ] Periodic Continuous Frequency
L Nyquist: If sample 2x of highest frequency,
then can one can perfectly reconstruct

-0.8
-0 8 6 4 2
Frequency Coefficient



Sampling of a single sinusoid:

z(t) = Acos(wt+0), w=2nf

1
Sample: f, = 7 t =nlT

S

x(t) = Acos(w(nTy) + 0)

830Hz
Sampling
T 12.5V offset)

1.25kHz

D Sampling
(10V offset)
Can add or subtract a
A W =T
2n from ®

y fi 1 2kHz
21 n comes out g \/X/\/X/Xj\z&}\/\/\/\{ fo {?s.? $ Elt:tlﬁtl
& = 2m(0.8) = —27(0.2) g 6

At f=1.25kHz,

4kHz
1 { G 00 R R R B B Ly B 1 B A B g e R R R LR ) B b B B A R gdmp“ng
f—=>-0.2x1.25kHz (5V offset)
41+ ) () (¥ W (" () W W (0 W o ) o M w - /2
=-250Hz ¥ =Y 12y Y ¥y ¥:y 1y 12y =Y 12y D D (D 12X -
(T . 41’1’18) (2) =T / 5 oo o o o0 o o o o o o o o ©h GO 10kHz
0 1 R & B0 R R (R R A 1 Rt B 1 B L Bt B LV R F R LY
-

ﬂ 'Fl l.! f.l' '“ H ﬂ H “ " ﬂ l'l ﬂ l.l l!' l'l ﬂ l') ﬂ H

O-¢-¢-§-¢ Sampling
u u n 0 u u u.r (2.5V offset)
w = 27‘(‘(1.2) = 271‘(0.2) )
At £=830Hz

S 9 0E 1kHz
f—= 0.2 x 830Hz Sinewave
= 166Hz - -

(T, = 6ms) ollgIms

=
(S o
- -

6 8 IO 17 14

2 16
Time (ms)



Finite Impulse Response Computation

x[n][ FIR
x(t) C2D |— hfo] —y[n]
nTTO yln] = Z brx[n — k]
y[n] = bln] x z[n]
x[n] Del_e}y x[n-1] Del_a;y x[n-2] . oo

x[n-M-1] | Delay | X[n-M] "
z ] =) bpx[n]zk
1 bM@ ’ kz:;) '
. ( y O\l

For multiple outputs (e.g. M):

x[n] Delay Line (or other decomposition)
x[n-1] [X[n-2] ¢ e e [X[n-M-1] (x[n-M]
z4[n] S =
Vector- 0 z[n] .
Matrix °
Multiplication alrd = kzzo Wi aln = &) .
(VMM) zy.1[n],
zv[n] N

VMM - Fundamental Computation
—> Multiply-Accumulates

Main Machine Learning Computation

Example other decompositions:
* Frequency Spectrum
— > Z[n] » Wavelets / Subsample
* LC approximate delays What if
x(t) =2 y(t)?




Unit step function

» acts like flipping a switch at t=0
1
uv =1,

t>=0
t<0

n>=0

& )= § 17,

Autonomous ODE: often parameter change & sometimes initial condition

1+

0.8F
0.6+

0.4}
0.2F

0
-0.2

u(t)

l_
0.8f
0.6
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3(t)

0
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20

0
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1 -
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= 0.6
w 04}
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0%
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Linear System Theory = Unit /mpulse Function

* Derivative of Unit Step Function
* Signals composed of many Impulse Functions
* Often called an “Impulse”

» Autonomous ODE: mostly moving initial condition

What about d(t),

continuous-time impulse?
* mostly 0 everywhere
* approaching o0 near t=0

Discrete

. S[n]= ! n=0
time [ ] 0 otherwise

d[n-3] = impulse delayed 3 time samples

] L
0.8}
= 0.6}
=04}
0.2}

e e e e I s = - e

R e e e = = e e e RS RSR SRS p s s g

Impulse Response:
Fundamental Linear Dynamics

o(t) | Linear %h(t)
o[n] System h|n]
Stable
Unstable FIR
Oscillation IR



Linear Transforms:

Real Real
I-nput Output
Slgnfls Signal
Transformed Mathemgtlcal
Operations
Input (Transformed
Signals Signals) Direct Paths > Frequency Response
Motivation: Solving Convolution (LTT: fixed coefficients) sin(wt) N Linear N
Convolutionin 5 Multiplication in sinfwn) System l
time (CT or DT) < transform space. |H|sin(wt + ZH (w))
y[n] — h[n] % gj[n] Y(z2) = H(2)X(2) |H|sin(w[n| + £ZH(w))
Y o Y(s) = H(s)X(s) Laplace: s = 0 + jw
Transforming Differential / Difference Equations Z: z7 1y g dun
to Algebraic Equations (then invert transform) :
dy(t) Connections between transforms
— T y(t) = sY(s) + Y (s) s <0 2> |z|<1 (unit circle)

zn =2+ 2zn -1+ 2zn] = X(2)z 2+ X(2)z7 ! + X(2)



Frequency Response: Single Freq. Sinusoids

: Linear -
sin(wt)— System | |H|sin(wt + ZH (w))

Same frequency, different magnitude & phase

Discrete Time, FIR Filter:

z[n] = sin(wn) Linear y[n] = |H|sin(w[n] + LH(w)) b=1[121]
jamn - System - M ; . H(jo) =14 2e77% 4 772
2o} = "t Y ; et =e (e + 247
M . - = e 7% (2 + 2cos(W))
y[n] — Z bkeﬂW(n_k) B - ~_ ‘ '
k=0 N
M :
> g
k=0 1
M
oL— I ! ! T~
—Jwk NN ' S ™
= 2[n] Y _bre 7 e H{jo) = 4cos (@/2)e
k=0 il — Maonitude Vinont]
| — agnitude (Lmear féleise) l
2 T constant delay
_ - A © 0 - .
- ZU[?’L]H(](U) z -1 \‘\\.
< o < T 2 Conséant ilo}:;ed‘]>\kl\
(Nyquist) -3 ’ \\

|
(S I

0
A
W

1 2 3



Convolution (Discrete or Continuous):

Solving for a linear system response
to an arbitrary waveform
by decomposing the input signal
into several impulse functions

Impulse Response: 0.2
015 6 Averaging Any input signal
o(t) | Linear | _h(t) oy % > oln -k HH (Boxcar) Is a set of impulses
o[n] System h{n] O'OOS'W = 3 Uliﬂtuef 5 (DT or CT)
-20 -15 -10 -5 0 5 10 15 20
Convolution: Enables solution of any y[n] = h[n] * z[n] Y [t] — (t) X T (t)
Linear Time-Invariant System M oo
With an arbitrary input y[n] = Z hiz[n — k] y(t) = / h(t —t1)z(t1)dt
k=0 o
Discrete-Time is easier to understand / visualize = / x(t — t1)h(t1)dty
xn| =dn| + 20n—1 -
o " ol 3]]T | L Linear Lt yln] = hfn] « o] THT |
Impulse 1 il - 5[n] N 5[n ] Two Impulse Convolution: 6[n — 2] * §[n — 3] = d[n — 5]
RCSpOl’lSC | +oln—2) | y[n] = (8[n]+d[n—1]4+0[n—2])(d[n]+26[n—1]+25[n—2]4+0[n—3])
bl o — 6[n]+38[n— 1]+ 56[n — 2] +58[n— 3] + 360 — 4] +8[n — 5]

Relationship to multiplying polynomials



Boxcar Filter = Averaging Filter

oln) = 27 3 i — K

A typical Low-Pass Filter to remove “noise”
and unwanted variations

M=3 Sample Averaging

x[n — k|

Impulse
Response

)
<)
—
)
—
o
'
)
S
wn@
o
)

1

yln] = g (zln] + zln — 1] + 2[n - 2])

- X[n] with multiple 1
i frequencies T T T T T 1

A=~ oGO O

—

oG oOC oGO

Filtered
- y[n]: high frequencies T

eP0

Smoothed -

- Diminished / smoothed Edge

A
o< o<

© < Sad)
-20 -15 -10 -5 0 5 10 15 20

Phase

Frequency > 1 o —j2w
Response H{jo) = 3 (L em 4 en)
= % (1+e79% 4 e7929)
= %e‘ja’ (7Y +1+e779)
. .

Phase Magnitude

| = %e’j‘;’ (1+2 cos(cb))/

Linear Phase

T~ S
- -
i <— Sign Change\\
-> 7 shift
—3' ~2I ~l| {|J 1 2 :;»

®



Differencing FIR Filter =
High-Pass based on a Derivative

_ dx(t)

y(t) = —,

- z(t) —x(t — A)

A

= (z[n] —zln —1])

yln| = z[n] — z[n = 1]

oCCCO A=

5

| 1
10 15 20

Approximate Derivative on input signal (x[n]):

Ju—
T

deeeeodbeoooecdocoodoooes S-oocodooood
220 415 -10 -5 0 5 10 15 20

Rising Edgei Falling Edge
1 T T T

yIn] J |
m A A R S a w p wa w A OO A o O G) o O O O O R R A A4
Fast Signal Change

20 s 10 5 0 s 10 s 20

Magnitude

Phase

- A

H(jw)=1—¢e7

_ 02

(63'@/2 _ e—jw/z)

= 2je 9%/ 5in(w/2)

Phase

R ——
Magnitude

<—Sign Change
—> 7 shift

'
3]

®

1 2 3




yln] = —z[n| + 2z[n — 1] — z[n — 2]
hin] = —d[n| + 26[n — 1] —I5[n — 2]

1

x[n] (Case 1) ]

z[n] =t =nTy -

-1
4

2 | | x[n] (Case 2)
it T T T T ] Frequency Response of h[n]
5 0 5 ) is 2
y|n| = h|n] * x[n] Convolution H(@) =) hye ¥
k=0
Case 1: z[n] = 6[n] — 8[n — 2] +6[n — 4] — 5[n — 6] = —1+42e ¥ — 702
y[n] = (=8[n] + 26[n — 1] — jn — 2)) =e W (= +2-e77%)
(8[n] — &[n — 2] + 6[n — 4] — 6[n — 6]) =e 7% (2 —2cos(w))
= —4d[n] + 26[n — 1] — 26[n — 3] = e /¥ (4sin(@/2))
+20[n — 5] — 26[n — 7] + d[n — §] | Phase - Magnitude
Case 2: make a table 4 A T .
=0 12 3 4 5 6 7 8 9 10 /
1 2 3 4 4 3 2 -
2 4 6 8 8 6 4 2 0 | -
1 2 3 4 -4 3 2 -] ol |
1 0 0 0 I 1 0 0 0 -1 PE: | | | | | |
yln] = —é[n|+dn —4] +dén—-5]—-46n-9] =~ = ° n ‘ :



o W

Convolution Examples
1 T o

A 1 A oo |
I
5 0 5 10 15
n
h{n] yln] = hln] * z|n] y[n]
1 D T T 2 T T \
it Case 1: y[n]
0.5 Case 1: h[n] | t T T - . g
[
0§’ ~ T ~ g A ~ ]% ~ 1% K 0 5 10 15
1 Ill . 05 :
Case 2: h[n] Case 2: y[n]
0d o—O—6—=© o—6O—60—6O—6—60O—6—6—O—6—6—6—=5 D 0p—o
-.15 (I) 5I 1|0 15 % 0 3 10
n n
Case 3: h[n] - L9 o Case 3: y[n] -

e :
—
I
CJI
LEN o N s
O—
G_

O]
O]
)
[O)
[0)
O]
0]
()
)
0]

o

=V
=¢
>



1

Fourier Series for Triangle Waveform

05f
05
1 os 0 05 1 s 2 25 3 35 4
Time (ms)
2 1
1F 0.8
%N 0 0.6} .
-1f 0.4}
-2t L 1 L : ! E 0.2F 4
-1 -05 0 05 1 15 2 25 3 35 4
Time (ms) s
TO = 1/f0: st "
o -0.2 b
:U(t) _ Z akej(277kfot+9k) " |
k=—oc0 06
%)
— T t dt — a j(QkaOt‘l‘gk;) 08 - 3 cos terms i
Zkafo |
) ) k: — -1 -0.5 0 0.5 1 Tim;.?ms) 2 2.5 3 3.5 4
(integration) = 1/jo = 1/j2nf ] 8 8
o g | z1(t) = = cos(27rf0t)—|—9? cos(6m fot)+ 552 cos(107 fot)+O(7)
=3 omnsok) i
k=1 k odd /
dxq - 8 k odd
xo(t) = To—— o Z 5 cos(2m fokt)  Z 0\ en

k:l



Sampling & Operating on a Triangle Waveform
1 T T T T T \ T

05 .
€ o
b
05
TO = l/f(): 2ms f(): 500Hz
T s 0 0.5 1 15 2 25 3 35 4
Time (ms)

o0
8
r1(t) = Z cos(2m fokt)  Oddk (=0forEvenk)  For 2-4% error, sample at SkHz (Nyquist)

2
k:18(7rk) to get the 5™ order term
Itorder: — 7™ order: ;55 ~?2% Signal 5T 3 i
) ) 57 5 Y
First three terms have 98% of signal The sampled signal then goes through
z1(t) = % cos(27rfoif)—l-i2 cos(67 fot)+ i cos(107 fot)+O(7)
™ o T yln] = z[n] — zln — 1]

9 T2

1

0.8

Frequency Response

H(jo)=1—e"7%
_ o—i@/2 (ejm _ e—jw/2)

0.6

0.4

= 2je 7%/ 2 5in(0/2)

¢ .
Phase Magnitude

o6 w Gain  Value
_ m/5 031 025
Y % 3r/5 0.81 0.073

T —ofs (; ofs 1 1.‘5 é 2.‘5 3 sfs 4 T 1 0032

Time (ms)



Addition of Sinusoids of same frequency

y1(t) = Ay cos(2mft + 01) — Ayed3m/t101)

* —— * —e

(Amplitude) (phase)
Re {Z Xk} = ZR@ { Xk}
k=1 k=1
4 cos(wit) + 3 sin(wit)
. : * o : ¢ =3 cos(w,t—7/2)
4ei0 3ein/2
Magnitude = 5, phase = -0.644 = 5 cos( ot - 0.644)

5 cos(wit + 7/3) + 5 cos(wit — 7/3) 2 cos(wit + 7/6) — 2 cos(wit — 7/6)
5e3™/3 4 5e7I™/3 = 10 cos(n/3) = 5 2e7™/6 _ 2e7I™/6 = 4jsin(n/6) = 2j
5 cos( mgt) 2 cos( ot + 7/2)



Review of Initial Digital Signal Processing Concepts

Ty Periodic Waveform Period

_ 1
f(nTs) Sampled function  fs = 7 Sampling Period

I

1 |

Discrete Step Function 0.8} [

— 0.6}
. 1 n>=0 S 04l
u[l’l] - {O n<0 0.2}

0
-0.2

Discrete Impulse Function it
08}

. = 0.6}
Slnl = 1 n=0 . = 04
[ ] 0 otherwise “‘f}' _

u(t) e
1 u(®) = {0 t<0

Unit Step Response (Continuous)

Discrete Convolution

ylnl = hin] x z[n]

M
= Z hrxln —k
k=0

FIR Frequency Response



Example sinusoidal sampling
f=1kHz
x(t) = 4 cos(27m ft)

t=nTs = fﬁ x[n] = 4 cos (27r fn)

5 fs
o=2nd ]

Js 4 cos(=n) g
fs W a2
4kHz /2 4 cos(mn)
2kHz . W \

dcos(— 2
1333kHz 3n/2 = —mp— reosl=gm) 4
1kHz 27 (cosRnm) =1) <— 4

4 sin( n w)

L b o o
T T

x(t) = 3cos(2mft) + cos(67 ft)

S

I
10

L
20

25

1
30

35

R 5

x|n| = 3 cos (27r]{:n> + C(;S (6w£n)

w1 = 27— w3 = O0m— 3cos(zn)+cos(zn)——>

fs fs 9 3
fs w1 W2 s %

2
. ——> 3cos( 7Tn)—l—l

3kHz. 27w/3 2w (cos(2nm) = 1)

18kHZ 7_‘_/9 7_(_/3 / 3cos(§n) + cos(mn) jz-
6kHz. /3. LN 24




