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ANALOG MULTIPLIERS
Modulatorsvs. Multipliers

A modulator isacircuit with multiple inputs where one input can modify or control the signal
flow from another input to the output.

vi(t) —

Mod Vout(t) =
oculalor = (O] falva(t)]

Vo (t) —»

(11-1)

wheref, and fz are two arbitrary functions of v;(t) and v,(t), respectively.

A multiplier isamodulator wheref, and fz are linear functions of v;(t) and v, (t).

v1(t) —
Multiplier Vout(t) = Kqva(t)-vo(t)

Vo(t) —»

(11-2)
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Applications of Multipliers

* Nonlinear analog signal processing
* Mixing

» Modulation and demodulation

» Frequency trandation

Symbol

Vo o—»

VR o—»

—»—0 VO

PageBﬁ
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Types of Multiplication

Vo= VqV —
AR vg=20

10 ------------ VB = 1.

One-Quadrant Multiplier Two-Quadrant Multiplier Four-Quadrant Multiplier

Scaling
Let Km be a scaling constant such that

VO = KmVaVR.

1
If Vmax = max |[vg| or max |vg|, then Km = Virex 0 that max |vo| = Vmax-
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Basic Principle of Analog Bipolar Multiplier - Gilbert Cell

Circuit: e
llc1 llcz lics lIC4§
v I+ Ql R>>1 Q4 )T:
BEL 4+KQ2 Q3 ’\/Li VREA
VBE2 VBE3
Notethaa | [T
Vpr1 + Vg2 = VBE3 t VBE4 ! : i P (11-9)
Substituting for vz by,
ﬂ.cﬂ
VBE == VZ‘ In O
Gives,

Oci0 OO0 Oc0 OO Ocill  OalasD et Icsica
InS—DHn =In +InS—D O InG 1 0=InG 1700 T 72=Ta
sl S21] s3] sS4 Osl's2 0s3's4 ] s1's2 s3's4

If Q1 through Q4 are matched, then | =1, =13 =14, and

iclic2 =icsics
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Gilbert Multiplier Cell s 2

Problems with a simple modulator are: lic3 ic4l lic:5 ice
* 2-quadrant, v, >0

« Small signd, v; <2V, =50mV
Solution - Gilbert Cell: o

o lcl ol
lc3 =1+ exp(-v;/V)) lc4a =1+ exp(vq/Vy) 3—@1 Q4g—‘
i i 2

lcs =1+ expVvi/Vy lco =1+ exp-vi/Vy

lEE
o \EE i - Jolo .
'C17 1+ exp VoV andlc2 =71+ exp Vo/Vy Vee .
LetA|C:|L1'|L2=(|C3+|C5)'(|C4 +IC6)’ therefore
. _ IEE ] _ IEE
03 = TP VIep( V)] c4 = [Evep VI rexp(v, V)]
o lEE o |
cs = [Trexpu V] Trexp(vy V)] - |co = [Trexpv V) T+exp(v, V)]
Writing AicasAic= (i3 -icg) + (ics - 1cg) OlVes
. _. O 1 1 00 1 1 O
Alc =lgg Hi+exp(-v;/V)) ~ T+exp(v;/V)HH+exp(-,,V) ~ 1+exp(v,, V)

Note that: = tanh(x/2)

1+eX  1+e8 2 +ex2 X2 4ex2 X2 4 gx2
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Gilbert Multiplier Cell - Continued
O Aie=lgg tanh(v,/2V,) tanh(v,/2V,) which solves the two-quadrant problem.

Assumethat, Vo 7= R(iz 1 - i75) = Rdi - = Rl ggtanh(v,/2V ) tanh(v,/2V,)
Synchronous Modulator:

vy <<2V, andv, >>2V, O voyr=Rlggv, tanh(v,/2V,)
Waveforms:

vo(t)

A

oM TR

0

v

Qo 4L L

va(t)
10 o T e |

-1.0
Problem: v; <2V, and v, <2V,
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Using Voltages for the Gilbert Cell

Voltage Equivalent:

'liCi =vin/R
+
Vin .
R RSVout = iciR
Input Circuit Output Circuit (1.4

Therefore the previouse results can be converted to,
VinV2 = V3Vy
Let v, be an output, then
VinV2
Vg =Vour = V3
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Four Quadrant Linear Multiplier

Circuit:

Vce

Current-to—vlgltage converter | vout
(o]
Predistortion Circuit J i1 iLzJ
I . )\ :
= sy lay yis yis
Ao e B
J i7 igJ
vl 10§ J iy i2y
to1 Voo Ki Q10 o1 K2 oo+
V1 Ree Ree Ree Ree Vo
o o-
VEE VEE

Page 9
)




Four Quadrant Linear Multiplier - Continued

Andyss

Note that, Vg3 - VBga + VBes - VBegs = 0 — VTInH—D VTInH—D +VTInB—D Vﬂnﬁig =
0
Assuming matched transistors gives izis=liglg, lIgiz=1lai1g and lglg=l5i10
Also note that, i1=li3+i4, io=ig+ig IL1=iz+is, lio=ig+ig and Ixx =ig+iyg
Asumethat  io-i= g , i1-i2= Ko » ad Vour =Kolii-it2)  where Ky = Kz = 2Ree
Now,

1000 110 1100 10D Og-i100,
VouTt=Kop (itie)-(iztis) = Ko%ﬁls, %gwg +|5)DB:K0§ |4|9 -isHsig K o(is- |5)H|- io - Ko7y Hisls)

Next, find iz - i5 intermsof i, - i, asfollows.

i1-i2=(i3+1ig) - (i5+ig) = @4%0+ i4§ - @5"‘ I5I|1§D Ho Ilo%' - i5)
Therefore, iz-i5= %@Il I2) whichisthe desired resullt.
Substituti ng gives
vour = Ko HH2 i) =Ko B 12 )G, - 1)
N VouTt= |XX|K<%V1 Vo = Km V1 V2
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2V, High-Frequency CMOS Multiplier’

Based on the Gilbert cell with two source-followers as current modul ators.

Comparison with the Gilbert cell:

» Source followers give better linearity

\_

4 Vbp
ML ——[TmL2
II_:Ll—0+ V-||: -O—lILZ
i5 1) . , ia ig
VT M5{/LO+M1 Y 2 mall® +VI4VLO"l'
o—||% o 2 o
Vio
Is Is

» Can operate at alower supply voltage because the mixer does not use stacking

» Hasasmaller mixer gain because sharing the bias currents with the followers reduces g,

T K-K Kan, D. Ma, K-C Mak and H.C. Luong, “Design Theory and Performance of a 1-GHz CMOS Downconversion and Upconversion Mixers,”
Analog Integrated Circuit and Signal Processing, Vol. 24, No. 2, pp. 101-111, July 2000.

Page 11
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How Does the Previous Multiplier Work?

Thelocal oscillator is sufficiently large that M1-M4 are fully switched on or off. Therefore, the mixer
can be redrawn below and consists of two

pairs of unbalanced source coupled A VoD
MOSFETs.
The IF output can be found as follows: ML 1‘_’||__L_||‘_‘M L2
The differential drain current of an Ll o o
unbal anced source-coupled pair can be ° ) M| LA VR N
writtenas o 2 MsliS | Mot s | H e
Aip =1p1 - 1p5 = Ipctisy * Inon o—| _||: :I|_
where
(Wy/L1)-(Wy/Le)
Ipc = (W;/L1)+(Wg/Ls) g I @ I @
which is the output offset current due to T
the asymmetry of the unbalanced source- =
coupled pair.
(W)W WLe-Wa/L]Ky
Eoly [(Wy/L1)+(We/Lo)]2 Vi

which isacurrent proportional to the square of the differential input voltage, V; =Vg1-Vgs and where
VG isthe gate voltage derived from the inherent square law model

O 2Wy/L)(We/LK,V; 7 _
Inon = [(\/\1/1/61)+(W5/|_5)n]2I [(Wy/Ly)+ (W5/|—5)]K_f-(W1/|—1) (W/Lg)Vi

which is the portion of current that causes harmonic distortion.




Freguency Response of the Previous M ultiplier

There are four poles and one zero.
Dominant pole:

ML1 [ mL2 o =%

4 Vbp

Vc_ A Ty S ™17 where R, is the output resistance at V.
RF M5 M1 ‘7,‘{ * M4 Mﬂ Second pole:
O_ll‘_’ « _ll‘_’ e :II_ v :I _ 9m1*9mbs1t9m5+Imbs5 905+ 907
: : P2 = Cy*+Cys1+Cyss
Cx>3t s @ 's @ “37 Gy where g7 is the output conductance of Ig
L. e and C, is the capacitance contributed by the

biasing transistor as well as the cutoff
transistor. The other two poles and zero are higher in magnitude and can be neglected.

Frequency response:
0
- _ Conversion gain of the mixer
C X ]
'é\ SF P N
I AN
5 10 Frequency response at the cdmmon-source nodes
c -
.(%’ 15 F with LO frequency at zero \
5 C \
=2 C
3 NF \
25k
1

10 100 1000
Frequency (MHz)
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Four-Quadrant CMOS Multiplier”

Small Sgna Andyss: Voo
lout = 177ig = (i3ti5) - (i4+ie) | |
= (izis) - (is) 17 s
where V%
. 9m3aVx . “ImaaVx o—[ M1 M2 M3 M4 |FH[ M5 ,\,|6‘—_||__2
I3=">5 ., 14=" 2 ., v
. 9mseVx . "9mseVx =
|6 = 2 , dn |5 = 2

U Tout = 9mzaVy - ImseVx (Y)ISS (YDISS
= FigMultApp08

- Vss Vss
A\ 2KNS\ 34 - V2K Sl 56 HYx
Howe\/er, |34 = ISS- (O.5|DD+i1) and |56 = ISS- (0.5|DD+i2)

If IDD = ISS’ then |34 = 05|SS'|1 and |56 = 05|SS' i2
O iy =2KNSNy B34 - \1s6fx = A2KNSN B0-5lssrig - 105l s - iofy
= \KnSnlss By1-(21/lss) - \[1-(2i2/ls5)By = \[KnSnlss [(1/1ss) + (/1 ss)]vy

. KnSv /KNSN m12Vy Imi12VyO KnSy
lout =\ Tgg ('1H12)Vx = lss ? 5t 5 k= Kgmlzvyvx:’\/ZKNS\lKPSPVxVy

T Babanezhad and Temes - JSSC, Dec. 1985.
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CMOS Four-Quadrant Multiplier

Complete circuit:
Vbb
s =
AHAE ] g o M | 8
Rl%lh i8] S Re
—o + VouT - O0—
0 A A A
%%
6—r\-|lt‘;MJM2)J %AMLFHEW me ]| #%I =
F HE I
T T = |v|10__’||—
Vgx——||:|\/|11 Mlz:l}—l :II i h Il:

_I

-~
[ P — L
- 4 —l:_l FigMultApp09

Ve IS avoltage used to establish the common mode in the multiplier.
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Four-Quadrant CMOS Multiplier
Zero-lF Downconverters:

Uses FETsin the triode region to
achieve alinear four-quadrant multiplier.

Ideal Operation (Op Amp Gain =« and
v; = 0):

M v Ovy 1 Vo0
C Y X =X
=K EB’DDGS’“Z'VTEZ'z%D%E

N V, = RK'Vp oVRE = GV oVRE

wherethe gain, Gy = RK’

Page 19
)

- Y, o pEME 1p%
i, =K Ves-2-Vrdia 2521
M V ovy 1 V@O
o s X X
i3 =K H%/GS'Z'VTEZ'Z%Q
m v 0EviO 1 BV
, y X + X
i, =K Wes*+2-Vriga 26521

V, =RV, "-v,) =RK'(-ig - i3 +i; +iy) = RK’ =RK'v,

- o VO
Fig. 12.5-19
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Four-Quadrant CMOS Multiplier - Continued

Previous circuit with afinite op amp gain (A):

1n 2RK’
v, EEL +a0 A (Vs - VT)D_ RK'v,v,

Gr
O v, = 1 2G; VyVy,
1+ K + A (VGS - VT)

VO
v, =V, v = A(vtyy) O vt = A
Vo Vy VoO 1 DV Vo%D
i =K %/GS+ o8- V1D - A0 252 - 2A0
m vV, V mvy Vo0 10V VDO
C i Y _9 X 95 =X, 9
I, =K Wes-7-2a-Vith2 -2A0- 25 + 2A0 0
v, v, v, V,0 10V V,30
, _y _0 X _0 4 X [0}
i3 =K %/GS 2+2A Vits +2AH- 2 2 * 2A0 1
%t B el 1%, Yo
iy =K %‘/Gs’fz 2A-Vmi2 Y 2A0° 202 Y 2A00
_ R . . . RK’ %/xvy VT Vo VGS 0 VT Vo%
Vo= 1 (ig-iz+ij+i))=— 182 +— A -—A A0
1+Rx *A

Page 20
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Four-Quadrant CMOS Analog Multiplier - Continued
Previous circuit with afinite op amp gain (A) and a threshold variation (AV; and AVy):

. s vy, Vo MYy VoO 1 0% Vo%D
I =K BWVes+2-2a-Vr-AVr'aDH - 2a5-2 2 - 2A5
. s Vi, Vo []Vx VoO 1Yy Vo[
I =K' 9¥Ves-2-2A-Vr-AVr' 142 - 20 22 + 2A0 1
: , Vi Vo Ej/x V_o%lwx Vo H
=K HV6s- 5 +2a- Vr-AVriG + 2a0 5 5 + 2A0 1
. g ) MVy VoO 10V Vo0
4 =K HWVes+ 2 +2a-Vr-AVriia +2a- 2142 * 2A0 0
R . . :
Vo= T (lg-iz+ip+iy)
1+K
K WY, AVEV,e Vv, V2 Vegv, Vv, AVEVY, Vv, V2 Vegv,d
_ x+ 0+£0+0 G'&90+)f2y+ £0+ '76“\0 0 CZS‘OB
— I_] - - -
1+i 2 A 2A2 2A2 0
GT 0 2Vo Vo " U
Vo= TV~ A (Vas-Vp) + & AV + AVy)H
*A
Gr
O v, 2G, G, DYy
SH %L+1+A(VGS Vo) - 1+A(AVT +AVr)H

Page 21
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An Analog Multiplier using a A/D and a D/A Converter

Circuit:
VREIT V2 VREF = V3
by R
by
. A/D : > D/A
Vin Converter b: Converter
N R

—>Vout

The digital word converted by the ADC is,

ooB Bl b
2478 oN-17
The input of the A/D converter can be expressed as
EDI b2 b3 bN O
v, =V G5+ +4g+ - +—1=v,D [l
in REF DZ 4" 8 oN-10 2
The DAC does the following,
_ _ VinV3
Vout = D V3= %)

A multiplier with N-bits of precision.

(11-5)

SIE

Page 22
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Applications of Multipliers

1.) Frequency Doubling .
> Vout E
_o
4 > |
Vin '
2.) Division (positive divisor)
Ri- Ry L vs =-Ry Vin
V3 =Vout' Vin

R> Vin

l Vout * Vo = - B Vi Vout
out " v2 Rq Vin
= FigMultApp02
R2 Vin
3 «—O

3.) Division (negative divisor)

R2 Vin Vin
Vout= Ry v, » V2 < 0 Vout
—o
- FigMultApp03
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Applications - Continued
4.) Square root (vi,;>0)

Vin:KmVout2 U Vour = K Vi >0

5.) Squareroot (v;,<0)

KmVout2 h _ _ R2Vin
R2 +R1—0D Vout = 'Kle’Vin <0

6.) Cube root (v;,<0)

2 3
Km Vout Vi

R, "R -0

O I:\)2Vin
0 Vou = B ez in <0
0O ™m "0

Page 24
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‘ Vout

Vin
01" sooE1P4A
R
V| n Rl Vout
— SO00E1P4B

SO0E1P4B
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Use of Analog M ultipliersto Approximate sin(x)
Consider the following approximations to sin(x):
1. Quadratic, one-quadrant, single-multiplier.

A. Explicit function: y = 1.155x - 0.33x2

Error
A

2%} —r------- roooo-- |

Simple Quadratic:

x (radians) —> x2 033 I U oo |

o y
1.155
FigMultApp04

B. Implicit function: y = 1.0468x - x(0.4278x - 0.2618y)

_ 1.0468x - 0.4278x2
Y =7 1-02618«

o_
| 1.0468 T \ae jgr 1900
-0.25% ------- P\- e fommoe |
FigMultApp05 -0.5% | | :
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Use of Analog M ultipliersto Approximate sin(x) - Continued

2. Cubic, two-quadrant, 2-multiplier

X (racdians) R -0.1{019
> B X
> > 0.98252
FigMultApp06

A. Explicit function: y = 0.98252x - 0.14019x3

Error
0.5%]

0.25%
y

0%
-0.25%
-0.5%

v

B. Implicit function: y = 1.00042x - x2(0.111382x + 0.056646y)
1.00042x - 0.111382x2

-0.005%
-0.01%

y = 1 + 0.056646x
Error
A
0.111382 0.056646 ) 0.01%F----——- - - :
- \ Implicit] !
oA -/ __ \__E_ " ___[__
> oy 0.005% N cubic - /\
1.00042 4 , | |
0% : T

FigMultApp07
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