Course on Linear Circuits

Jennifer Hasler

Course Website:
* http://hasler.ece.gatech.edu/Courses/ECE2040/index.html

* Priority for open materials
* Short Lecture (YouTube) Nuggets

Mixture of objective & subjective S~ Resistor
= = Divider

* Objective = Exams
* Subjective = Labs (often groups of 2)

Other rules

* No recording / pictures allowed in class
* Groups start in a self-organized manner

* Read the Syllabus A few points of my history:

My Research Interests: * Began as faculty at GT in 1997
* Floating-Gate Devices & Circuits, Nonvolatile * Ph.D. in Computation and Neural Systems

« Wearable computing, always-on computing, etc. (Caltech, 1997)
* Circuits for Machine Learning, Al, Neuroscience * Grew up in FL and AZ, B.S.E. & M.S. ASU (1991)
* Configurable, CAD tools * First startup, GTronix (2002-2010), acquired by TI

* Sensory interfaces * MDiv, Emory University 2020




Circuit Measurement Anywhere

Resistor
Divider

Laboratory measurements anywhere:
* Laboratory experiments can be done anywhere Class laboratory COHCGptSI
* Electronics everywhere, so relatively inexpensive labs
» Utilize an acquisition system

(e.g. scope/function generator)

* Need a data acquisition system
* Work on experiments before a class session
* Focus on understanding material deeply



Circuit Graph Concepts
Wire

(only connection,
noR,L,C)

Flattened 2-Dim graph

Often: DC path to GND
(= no charge storage)

Kirchoff’s Current Law (KCL)
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Kirchoff’s Voltage Law (KVL)
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Circuit Graph Concepts
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Example: Resistive Voltage Divider
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Example: RC First-Order Low-Pass Filter
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Resistors: Serial & Parallel

R1=1/G1 Rp=1/Gp R1+R>
AN~ > AN~
G1/1Go
G1=1/Rq
G1+Go
—> AN~
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Inductors: Serial & Parallel
L1 L% Li+L»

Capacitors: Serial & Parallel
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Parallel-Series Simplification
R1 +V -

Vin(t)

+ V- B Ro
V= R>+R1/2
Vin(t) R2*R12 ——=7¢ /0y
+ Vl -
R, = 1kQ Bl
C. = IuF Vin(t) 2kQ  ——1pF
C,=2uF
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Vi = (L1 + (L2//L3))

L1+ Lal/L
1 2113 R,
v + n o
V, R1+R2 vj V3 Ry V3
= - _ Vl
I
L, =5SmH L,=10mH
R, = 5kQ
L, =10mH R, = 15kQ
Ll + (LQ//Lg) = 10mH
Ri+ Ry = 20kQ
dVs 1
T = 0.5us T— + Vo = =-Vj
u dt 2 A 1

dl
dt

V;=1(R;+tR,)

L+ (LQ//Lg) dV3 4
Ri1 + Ro dt

__ La+(L2//Ls)

R1 4+ Ry

dv-
T—=+Vz=W

dt
Ry
Vo = Vg2
’ Ri + R»

r

dVs Rs
Vo= ——V,
’ R + Ry !

— + Vs




An Example Circuit Solution
R

Vi =Vi,
! R1 + R2//Rx
How to think through such a circuit?
* Parallel Combination of Resistors for V, Vour = G1Vi(Ro/ [ Re)
* Resistive voltage divider for V, G1(Ro,//R.)(R2//Ry)
.. Vout = Vi
* Current divider from the voltage-controlled I source R1+ Rs//Rx




Va = (R1//Ra) (Gs ' i) v

Ry
R, = 200kQ
G.=1/100Q
R, = 20kQ
1
GS>>R_1 R1//R2—>R2

Vo =GsRaVy | V,=200V,




Node Voltage Solutions: KCL at nodes
Rp 81, N5 By
AT NN NT NN
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Node 1:
(Vl — 61)G1 + (62 — 61)G5 + (0 — 61)G2 =

V1G1 +€2G5—61(G1+G2+G5)=0 G =

Node 2:
(V2 — 62)G3 -+ (61 — 62)G5 -+ (0 — 62)G4 = )

VvQG3 + €1G5 — 62(G3 I G4 + G5) =

G Matrix is symmetric, positive definite
Diagonal terms = sum of conductances on the node
Off Diagonal terms = - sum of resistances between nodes

Solve




KVL Equations: Solving for |

R, R R,
J\/\/\T\/\/\ [J\/\/\~
I R < I3 & 12 F

7y <
V 1 \ ) 2 ;g > R4 [\\_.'/‘ V2

Mesh 1:
—Vi+ LR+ (Il - Ig)RQ =0

—Vi + (R1 = R2)Il — RoI3 =0

Mesh 2:
—Vo + R3ls + R4(I3 + 1) =0

~Vo + Ryl3 + (R3 + R4)I2 =0

Mesh 3:
RQ(I3 — 11) + Rsl3 + R4(I3 oy IQ) = ()

—RoIq + (RQ + R4 + R5)Ig + R4sI5 =0

R, +R, 0 ‘R,
R = 0 R, +R, R,
I (mesh vV,
. currents B
1=| b in same V=1 -V,
I, | direction) 0

Solve: Ri=v

R Matrix is symmetric, positive definite

Diagonal terms = sum of mesh Resistances

Off Diagonal terms = - sum of resistances
between meshes
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R, =1MQ R;=2MQ [ = IpA
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Dependent Source Constraint

R,=1IMQ R,=IMQ

Ry + R3 — g 0
—R3 Ry+R3 R4+ Rs
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GmVin

GmVin-GsV1 i : (vain - GV
( |

e 4
V1 Rj R2 Vout
- G =
sV1 - Vg
R, = 10kQ
GmVin - GsV1 R, = 100kQ) Ry
G, = 1/200Q v
Vour = -Ry(G{V, - G, V,) G, = 1/100Q out
Vl = RI(GmVin o GSVI) G I{1 Vin_
Vout = _GmRZ(S— _1) Vin Vl = (50 /101) Vin
G.R 1 +GR, ~05V, "
Vi=Va g GR, v —.y.  GmR V. =-(500/101)V,,

out ~ Vin 1 + GSR1 _ 'SVin

GND
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AV

‘/in -V . V — Vout Vout + A’UV 4+ Vout

R R - R, Ry Aru 1 Vou
1 2 V (_ ) t

_|_ —
IfR,=0,V_ ,=-A,V R R» Rs//Rs//RL
R Vout 1 Ry<<R,,Ry
; ( g (Av + DVour VA/R, =V, /R,
V. =-AV
1 R2 B R2 out \Y
Vout (1+A_v(1+R_1>>_ Rlvm

R, =10kQ R, =1kO
R,=100kQ A, = 100,000

Vo =-Vi, (9.999) ~-10V,

VoulV)



State Holding Divider Circuits

[
I
G !
V. L Q '
In | Vout |
— Co |
I
GND :
1(\34&5:1)6 tﬁf o Vout = Vins 010 9 | Similar case with Inductors
onductances. Ql T 02 | (current divider, offset I):
Vin =0, Vour = I :
"0+ O : L, V
Ql = Cl (‘[Ln - Vout) : I (/JA\ <:|; |\ out
' “in
Q2 = CoV,ut ! ;I; L1 Ly
Total charge (Q - Q, + Q,)atV_,is fixed : -
Negative Positive I ‘ IOUt
Plate Plate : GND  GND
C 1 . Ly
Vout = V4 + Vorpset | Lout = + Loffset
ou 7 Cl n C2 of fse : ou mn L1 T L2 of fse



Resistive Current Divider

| P
Il
} } Vout
Iin A Ry > 5, RH T _ Vout = Rl//R2
| § out R in R
GND % ] ‘ 2 2
GND GND L a//b=
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Vour = Iin(R1/[R) ~ Vour = Vin g




Network of —O
Resistors +
independent

and/or
dependent sources —=©°
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Using Thevenin-Norton Equivalents

Rs
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W@i

One
R3  Port

—201(9 R, = 1kQ

-20k2 R _ kg Om= 1/ 5009
Voltage
Source =
(R out)
Resistive Voltage
Divider (V; 2 V,)
@ § R1+R»> V] R3
Rl + Rz 2

R1+R2
R1+R

Rl + Ry 1
Rept =R R
ff=Ra+ 3// R Gm

//(R1 + Ry) ——> R

V. : Measure output. No output I
(R, has no effect)

KCLatV, &V,
Va=Vo _Va-V1 W

" Ri//R;
— Va - Vl — 2‘/2

- Gm) B R2‘//;R3

—> -2V,

Va
Verr =01 =5

=V

= 1.5kQ



2
Ry =1MQ
R Ro =1MSQ
R; = 40k
GND L GV V2
Two cases S
/ \ 2 RL
Gs=0 Gy =1/1kQ
Norton-Thevenin at V, I V,=GND (measure I @ V,) GND
Ve =—0LRy =—1V
Il+V1<Gs+ >%I1+V1Gs—0
Reff:R1+R2:2MQ B+ Iy
‘/1 = —Il/GS = —1mV
Ieff = —0.5/LA
Ieff ~ 1,LLA
R1+R2
Vs R 4 1,=0
por2_Wh
LR, T T W I
GND / =-20mV
1 _ _
V1<GS+R1+R2)—R2 Gs =1/1kQ

oV2 1 \%)
I @ Vi =V, I R
1 1 L
?(GSRZ)RI Gl @Q V, = -40mV
GND GND

GND R — (GSRQ)Rl (1GQ)



v
R 2 _qg..v-av
Gm]V2 Rl m2V1 sV2
GND GND 1
(Gs + _> ‘/2 — Gm2V1
Ry
Resistor: G G
Gml Gm2 Vo = 61;12 %1

no Thevenin voltage source

Gz = 1/2kQ)
G, = 1/1kQ
Gom1 = 1/200k9)
R,=1MQ

Resistor: 400kQ

Gz = 1/20kQ
Gy = 1/10kQ
Gmi = 1/10MQ
R,=10MQ

Resistor: 20MQ



§ Vout
%_% GND
GN GND

G, =1/500€
= 2kQ = 1kQ [, =2mA Vout
R2 = 2kQ Rb = 1kQ 13 = ImA R] +R» R3

R
I» R» - GmR
T MEONERSO) O
L, R> Iy = R3
R, GND ] _ Ra R3
oND Vour = (IQR? ~Gml Ro + Ry Vm) (Rl + Ra + Rg)

Ry + Ry )
Ri+ Ry + R3

+[3R3(

G RR——4(1/2) 2 LR, =4V
R Rb 24N

R, + R, + R, = 8kQ iRy =4V

Vour = (4V — 2Vip) (%) v (%)

Vout =4V — V;n

GND



[

Vin®) (*) * | l ., v

j VI Rj == M Case II: V, =-V, =V,
{ + G V out ( G G )V Vout
2.5V = 1V] 5 - —(Gm1 +Gm2)Vin =
k\}_ - | ‘ : ? Ri//Ry
| ‘/out
V=V, +2.5,V,=5-V,=25-V, 7 = ~(Gm1 + Gma)(B1//Ra)
Solve using superposition: R, = 100kQ CMOS Inverter
Case I: 2.5V & 5V source, Case II: V, source R, = 200k iV
G, = 1kQ
CaseI: V, =V, =25V G, =1kQ Vi Vour
‘/out — (@ Al 2 5V S5V — ‘/out
Ri (Grmz = Gm1)2.5V + Rs Case: V_,=1.67V

Vout = (R1//R2) ((Gma — Gm1)2.5V + 5V/Ry) CaseII: V_,, = -133V,, GND



GND
[\{3\ 4,,] A Vout
Vin "\ \/\— i |
R, =R,=10kQ, L Rp< Vi s Ko
Ry=50kQ, Ry~ Yy :
R, = infinity %\ G GiDSOOQ
GND R R, Zml()kQ, ,
One port for A: > R, = 100kA.
A into zero load 2 V o KCLatV,
Superposition: o o Va—W1
v = Rul/Ra//Rs o, "R
R gl R (14 GmBe)Vi =Va
Va = 1//33// % 21V, =V))
Vi 5V
Veq = (R1//R2//R3) (é + R—) i KCL at V,,
3 1 ! Vout — GchV1
(=0.091V, +2.25V) ! (V.. =200V,
Req = R1//R2//Rs (4.5kQ) ! (Vou = 9:52V,)



R, ¢ R R

1 5 C, 3
—A %y g\/\/ \ﬁﬁ\/\/\h

N % R4 Kf/'
GND Superposition:
A linear function, f( ), Can turn each source on separately,
f(Ax + By) = A f(x) + B f(y) add the results
V, on, V, = 0: (Resistive Divider) V,on, V,=0:
___Ro//(RBs+Rs//Ra) . Ry//(Rs + R1//Rs)
61_R1+R2//(R5+R3//R4) R3+R4//(R5-|-R1//R2)
Rs//Rq e g T 1D
62:€1R5+R3//R4 B 62R5+R1//R2

RQ//(R5+R3//R4)V1 R4//(R5—|—R1//R2) Rl//RQ

“a= Ri+ Ry//(Rs+ Rs//R4) Rs+ Ra//(Rs+ Ri//R2) Rs + R1//Ra v

_ R4//(R5+R1//R2) V2 Rz//(R5+R3//R4) Rg//R4 vi
" R3+Ry//(Rs+Ri1//R2) Ri+ Rs//(Rs+ Rs//R4) Rs + R3//R4

€2


Jennifer Hasler
V1

Jennifer Hasler
V2

Jennifer Hasler
V1

Jennifer Hasler
V2

Jennifer Hasler
V1

Jennifer Hasler
V2


measure —

Vmeasure

R] L R3
) R = 1kQ
Rp R4 Ry = 2k
V3 R. = 4kO
V2 R, = 4kQ
GND
Vmeasure Vmeasure

@NEG2+G3+G4 CJS\A/E G1+G3+Gy

measure

G1+G2+G3+G4

1 1 1
measure — ~ - - A%
Vi 2%+4%+8% |

_Gl+G2+Gg+G4

=V,=V,=2V, what is Vineasure !

G1V1 + Ga Vo + G5V
G1+ Ga + G + Gy

Vmeasure —

Vmeasure

G1+G2+G3—|—G4

3

measure -

1.75V



Vmeas
ure
C

1 C3
LY |

i |

—— — C
Vi C2 4 Vs
“(
GND
Vmeasure

GND
Cy
Cl + CQ + Cg + C4

Vmeasure —

Vi + Voffset

1 1
_V2 + _V}) + ‘/offset

1
Vmeasure = —V
5 1+ 1 3

GND GND

A R |

Vmeasure -

C,=4pF
C,=2pF
C,=1pF

C,=lpF OV + CoVo + C3V3

Vmeasure — + Vo se
Ci+Cy+C3+Cy fiset

Vmeasure Vmeasure

&

— C1+C3+(Cyq — C1+Cr+Cy
GND GND
Co C,
V VO se Vmeasure =
Ci+Co+C3+Cy 2+ Voffset

V+VO se
C1+Co+Cs+Cy 3 ffset

Vineasure = 0.5V when V|, V, . V.= 0V,
V,=V,=V,;=2V, whatis V ?2 225V

measure *



2R —> R
/'R R
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2R 2R
R R
2R 2R 2R




2O\

— V

out

5-bit DAC
(R-2R)




Symmetric Resistive Circuits

|
v, : v, V|
v, 2|l 2
vV, W Vy
] | A |
|
Linlc of
Symmetry
100kQ2 Vv 100kQ2 Vi 100kQ2 Vv 100kQ2
VW AN
= | =
N 2002 = | <200k Vi
1 ! i
GND Line of
Symmetry
Common-Mode Circuit Differential-Mode Circuit
100kQ |, 100kQ 100k€2
V, ' Open \4
(Va+Vb) /2 I circuit
Vi
Ve (*) 200 : \'F <+> 200kQ 100kQ
| (Va-Vb) /2 /" Short
GND GND ,”V circuit
Voltage Divider: V.=V, =V, =(2/3) V, Voltage Divider: V=V, =-V, = (2/5) V,
V. =average(V,, V,)= (V, +V,)/2 V= (V- V)2

(Va+Vb) /2 (Va - Vb) /2
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(Va + Vb) /2 

Jennifer Hasler
(Va - Vb) /2 

Jennifer Hasler
(Va + Vb) /2 

Jennifer Hasler


Jennifer Hasler


Jennifer Hasler
(Va - Vb) /2 


Va<< >R1
5

GND

Diff Mode:
GND symmetric
points

Diff Mode Half Circuit

+
R
G, V4 1 Vp
GND GND )

T/;) — —Glevd
Va o =5V,

Vd= (V1-V2)/2

GND 2R, 2R, G, + 1
Va=-0.00025 Vc -5Vd

Vb =-0.00025 Vc + 5 Vd

+
o =
< Rpvy
m Y2 \l i
\7 GND
Common Mode
Split Circuit RO = 10MQ Gm = 1/2kQ
R, = 10kQ = 1/1kQ
Common Mode Half Circuit Clrcult 1 0 G=U
G VC GV v C;'Tn‘/c_c;fs‘/:_E
R] Vb 2-RO Rl
1 2R, G,
Vv s = vac = =
IR (G - 2Ro) “ v 2R,Gs + 1
0
R 2R, G,
V= - Ve ~-0.00025V,


Jennifer Hasler
Vd= (V1-V2)/2

Jennifer Hasler
Va

Jennifer Hasler


Jennifer Hasler
Va = -0.00025 Vc - 5 Vd

Jennifer Hasler
Vb = -0.00025 Vc + 5 Vd


v kbgmlvx < GN/

<

GND GND

Diff Mode
GND symmetric
points

Diff Mode Half Circuit

GND
C1
G, Vd +
R1 Vout
GND  GND GND
Vi =GRV
— 40V,

AV

. 4k
R: G2 c. — 4k <<R1

Cw % \Y
GND ¢ l C \\:)
) (val | - [ GV . - (Jm-\\ ;
W6 < SRy Vb
l‘{ .: - —\0 GND GND GND
= G, = 1/2kQ
2L Common Mode R = 10MQ C = lpF G 1/1kO
Split Circuit R, =80kQ C,=2pF B
= =20F G =120
Cmnn&SLeHalfClrcw VG v._Gv V_ %
cw/z 2R, 2R, R
[ GND 1 . R
GV o, Vx G T 2RO) = GmVe Vo _ZROV
Vout R
m C (ND 2R0Gm V - [
T 2R,Gs+1 ¢ A
2 <05V, —0.0001V,
1 Cyu/2+ C’1



Gm2V1 Gma V2
GsVa GV,
Gm1Va

GND GND

D \
Diff Mode Mode Common Mode Gm2 = 1/10kQ2
I Gm2V1 " 3.3V 3 o 1/5kQ
WQVMD e iy ’ Ry =5MQ
\& s’a GND

Gm1Va

o ' Ry = 1MQ
— a .
Gm1Va ﬁ;—?R2 § 2R Gml R 1/1kQ
lgo, = GoVi = m2R2) GND GND GND y
a iz
Ida = 100[d L =GV +E GmaV1 = 5, + GV, I = SR
C m a R2 B l Ic
I v(G . G 1)%%(2&”5)‘/“ f = 3G s
c = Va ml -~ <— G0V GV,
Gz Rz . /ca = 0.00011,
Ic ~ Gmlva >

I,=20.1pA and I, = 19.9pA > I =20pA, I, = 100nA > I, = 10pA + 1nA ~ 10pA



Current (mA)

Curve Fitting Circuit Parameters
Lo T T T T = T T T T a

9-'9‘0"0
0.6} ¢ I B :
+ 96'0
05+ 7 ad i
V=R

04 ooo -

! - O'o,_o'o" R = 3.021kQ Il
03F 6_9" R 12 -

__050 R]
02+ GOO B 1 + +
WS
p ! X ,.O’o'
0.1} dp.og - E 08 n Vout % d.e"o
o - - ; o
oLS ] ¥ ost o7
6 02z 04 06 08 1 12 14 16 18 23 odooﬁ
Voltage (V) E 04 e — .

[A] = polyfit(V,11,1); H B VMO
I1fit = polyval(A,V); 02} O.o-""’dc

lot(V,11,'0",V.11fit); oo
POUVIL O VIS 1 A1 = polyfit(V,V1,1); o=

V1fit = polyval(A,V); o
02 08 1 12 14 16 18

plot(V,V1,'0  V,VIfit); o 02 o0& s

Input Voltage (V)




